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ABSTRACT 
 

     In this paper, a new time-marching methodology is applied to analyse hyperbolic 
bioheat transfer problems considering the dual-phase-lag model. This novel approach 
considers time step parameters that adapt to the properties of the model, and its main 
features may be summarised as follows: (i) it stands as a truly explicit approach; (ii) it is 
truly self-starting; (iii) it is based only on single-step relations regarding the temperature 
field and its first time derivative; (iv) the technique enables advanced controllable 
algorithm dissipation taking into account locally defined adaptive parameters; (v) it may 
provide larger stability limits than the central difference method; (vi) it establishes a link 
between the adopted spatial and temporal discretizations. The discussed technique 
provides very effective calculations, which may be further enhanced considering sub-
cycling procedures. In this context, multiple time-step values may be applied regarding 
proper subdomain decompositions, giving rise to a highly flexible approach to model 
complex heat propagation systems. The sub-cycling decomposition that is adopted here 
is entirely automated, requiring no input effort and/or expertise from the user, and it 
improves both the efficiency and the accuracy of the solution process. At the end of the 
paper, numerical applications are discussed, demonstrating the robustness and great 
effectiveness of the reported methodology. 
 
1. INTRODUCTION 
 
Numerical methods have been widely used to solve problems in thermo-biology 
(Minkowycz 2009, Dai 2004, Chan 1992), usually modelling the parabolic Pennes 
equation. However, there are some applications involving extremely short time duration 
or very low temperature, such as laser induced thermal damage and cryogenic surgery, 
for which the parabolic formulation is not suitable, as it assumes an infinite thermal 
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velocity of propagation (according to Fourier's law), which is not appropriate for these 
models. In this case, the hyperbolic bioheat formulation is more adequate (Özen 2008, 
Liu 2008, Xu 2008). 

The hyperbolic bioheat equations are described as having a finite thermal velocity 
of propagation due to the application of the modified Fourier's law (Cattaneo 1958, 
Vernotte 1961), considering a relaxation time τQ, which is a delay between the heat flux 
vector and the temperature gradient. This means that, in the conduction medium, for the 
same point, the temperature gradient is settled at time t, but the heat flux vector is settled 
at a subsequently time t + τQ. Nonetheless, this formulation only allows the heat flux 
vector to respond to the temperature gradient, and the reverse is not possible. Thus, 
another hyperbolic bioheat equation was developed by Tzou (2014) considering two 
relaxation times τQ and τT, originating the dual-phase-lag (DPL) model, where the heat 
flux can respond to the temperature gradient or vice-versa, being determined by the 
phase lags values. 

In this paper, a new truly explicit methodology is presented to solve hyperbolic 
bioheat transfer problems considering the DPL model. In this context, the standard Finite 
Element Method (FEM) (Hughes 2000, Zienkiewicz 2013) is adopted for the spatial 
discretization of the body, and an extended version of the adaptive explicit technique 
proposed by Soares (2021) is adopted for the temporal discretization. Following this 
approach, adaptive time integration parameters are applied, creating a connection 
between the adopted spatial and temporal discretizations. Furthermore, these adaptive 
parameters are associated with adaptive time-steps/subcycling splitting strategies (Pinto 
2021, Soares 2007), permitting fully adaptive time-domain solution procedures. As a 
consequence, the time-steps and time-integrators of the time-marching technique 
become locally computed, depending on the spatial discretization and properties of the 
model. Hence, highly effective solution analyses may be achieved.  

Numerous efforts over the past years have focused on developing explicit time-
integration algorithms that include numerical dissipation in the high-frequency response 
domain (Hulbert 1996, Noh 2013, Soares 2021), to reduce spurious non-physical 
oscillations that sometimes occur due to the excitation of spatially unresolved modes. 
However, designing such algorithms may be challenging as one should add proper high-
frequency dissipation without introducing excessive algorithmic damping into the 
important low frequency modes. In the proposed technique, adaptively controllable 
numerical damping is introduced into the analysis for the particular case of just one phase 
lag (i.e., for τT = 0), since the complete DPL model already provides physical damping 
in the high-frequency range, requiring no numerical dissipation to be applied. 

This paper is organized as follows: first, the equation that govern the DPL model 
and the procedures for its numerical solution are presented, highlighting the main aspects 
of the discussed formulation. In this context, the adopted spatial and temporal 
discretization techniques are reported and the domain decomposition and subcycling 
procedures are explained, specifying the developed automated solution algorithm. After 
that, numerical applications are presented considering a benchmark model and an 
applied example, illustrating the excellent performance of the proposed methodology. At 
the end of the paper, conclusions are provided, summarizing the various positive aspects 
of the discussed formulation. 
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2. GOVERNING EQUATIONS AND SOLUTION STRATEGY 
 
The dual-phase-lag (DPL) model describes a conduction law, where either the 
temperature (T) gradient may precede the heat flux vector (Q), when τQ > τT , or the 
heat flux vector may precede the temperature gradient, when τQ < τT; where τQ and 
τT  stand for the phase lags for the heat flux vector and temperature gradient, 
respectively. For τT = 0, the modified Fourier's law reduces to the Cattaneo–Vernotte 
(CV) model (Cattaneo 1958, Vernotte 1961) and, for τT = 0 and τQ = 0, the standard 
Fourier's law is deduced (Pennes 1998). Based on the DPL model and first-order 
expansions, the governing equation for hyperbolic bioheat transfer problems can be 
written as: 

 
τQρcT̈(𝐱𝐱, t) + �ρc + τQwbcb�Ṫ(𝐱𝐱, t) − τT∇ ⋅ k∇Ṫ(𝐱𝐱, t) 
= ∇ ⋅ k∇T(𝐱𝐱, t) − wbcb�T(𝐱𝐱, t) − Tb(𝐱𝐱, t)� + q′(𝐱𝐱, t) (1) 

 
where ρ, c and k stand for the density, specific heat and thermal conductivity of the 
tissue, respectively, wb , cb  and Tb  are the perfusion rate, specific heat and blood 
temperature, respectively, over dots indicate time derivatives and the volumetric source 
q′ contains the metabolic and external heating terms qmet and qext, as well as their 
time derivatives (i.e., q′(𝐱𝐱, t) = qmet(𝐱𝐱, t) + qext(𝐱𝐱, t) + τQ(q̇met(𝐱𝐱, t) + q̇ext(𝐱𝐱, t)) ). In 
addition, Dirichlet or Neumann boundary conditions, for instance, may be applied 
associated to equation (1) (i.e., T(𝐱𝐱, t) = T�(𝐱𝐱, t)  or k �∇T(𝐱𝐱, t) + τT∇Ṫ(𝐱𝐱, t)� ⋅ 𝐧𝐧 =
q�(𝐱𝐱, t) + τQq�̇(𝐱𝐱, t) , respectively, where 𝐧𝐧  represents an outward normal versor and 
overbars indicate prescribed values), as well as initial conditions. 

By considering standard finite element procedures applied to the governing 
equation (1), the following semi-discrete system of equations can be obtained: 

 
𝐌𝐌��̈�𝐓(t) + 𝐂𝐂��̇�𝐓(t) + 𝐊𝐊�𝐓𝐓(t) = 𝐅𝐅(t) (2) 

 
where 𝐌𝐌� = τQ𝐌𝐌 , 𝐂𝐂� = 𝐌𝐌 + τQ𝐂𝐂 + τT𝐊𝐊 , 𝐊𝐊� = 𝐂𝐂 + 𝐊𝐊 , and matrices 𝐌𝐌 , 𝐂𝐂  and 𝐊𝐊  and 
vector 𝐅𝐅  are computed by assembling the following local matrices and vector, 
respectively:  
 

𝐌𝐌e = � 𝐍𝐍𝑒𝑒𝑇𝑇ρc𝐍𝐍e dΩ
Ωe

 (3a) 

𝐂𝐂e = � 𝐍𝐍𝑒𝑒𝑇𝑇wbcb𝐍𝐍e dΩ
Ωe

 (3b) 

𝐊𝐊e = � ∇𝐍𝐍𝑒𝑒𝑇𝑇k∇𝐍𝐍e dΩ
Ωe

 (3c) 
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𝐅𝐅e = � 𝐍𝐍𝑒𝑒𝑇𝑇(q� + τQq�̇) dΓ +
ΓQe

� 𝐍𝐍𝑒𝑒𝑇𝑇q′dΩ
Ωe

 (3d) 

 
Once the semi-discrete system of equations (2) is established, its solution is here 

carried out considering the following time-marching algorithm: 
 

𝐌𝐌�𝐕𝐕1 = 𝐅𝐅� − Δt�𝐂𝐂��̇�𝐓n + 𝐊𝐊��𝐓𝐓n + ½αΔt�̇�𝐓n�� (4a) 
𝐌𝐌�𝐕𝐕2 = Δt𝐂𝐂�𝐕𝐕1 (4b) 

�̇�𝐓n+1 = �̇�𝐓n + 𝐕𝐕1 − ½𝐕𝐕2 (4c) 
𝐓𝐓n+1 = 𝐓𝐓n + ½Δt��̇�𝐓n + �̇�𝐓n+1� (4d) 

 
where Δt  represents the adopted time-step of the analysis, α  stands for the time 
integration parameter of the method, 𝐕𝐕1 and 𝐕𝐕2 stand as auxiliary vectors (computed 
as indicated by equations (4a) and (4b), respectively), and 𝐅𝐅� = ∫ 𝐅𝐅(t) dttn+1

tn . 
As one can observe, this solution algorithm is based only on single-step relations 

regarding the temperature field and its first time derivative. Hence, the technique is truly 
self-starting, avoiding cumbersome initial calculations. In addition, it stands as a truly 
explicit approach, requiring no treatment of any system of equations, demanding only the 
“inversion” of the 𝐌𝐌�  matrix (which is here diagonally adopted, i.e., lumped matrices are 
regarded). It is important to observe that, in the DPL model, which considers non-
diagonal 𝐂𝐂�  matrices, standard explicit approaches, such as the central difference 
method, cannot be effectively applied, once these techniques also require the “inversion” 
of the 𝐂𝐂� matrix. In this case, in order to obtain efficient calculations (avoiding solver 
procedures), truly explicit formulations must be applied. However, for most truly explicit 
approaches (Hulbert 1996, Noh 2013), the critical time-step values of these techniques 
become significantly reduced once non-diagonal damping matrices are regarded, turning 
their use also highly restricted in this case. As it is discussed at the end of this subsection, 
the critical time-step value of the technique described by equations (4a-d) increases for 
moderate values of physical damping and it does not drastically decrease regarding 
usual damped models, enabling explicit analyses (i.e., analyses without considering 
solver procedures) to be carried out taking into account convenient time-step values.  

In this work, adaptive locally-defined α parameters are considered, providing a 
very effective time-domain solution methodology. In this case, different values for α may 
occur across the different finite elements, and they may vary for each time step of the 
analysis, allowing for a quite versatile and flexible approach. In this context, the following 
notation is adopted for the time integration parameter: αen, indicating that its value is 
defined for each element “e” of the spatially discretized model and for each time step “n” 
of the analysis. The α parameter controls the algorithmic damping of the formulation. 
Hence, considering adaptive αen values allows applying numerical dissipation just when 
and where it may be requested. Therewith, excessive dissipation can be avoided, and 
subsequent large numerical damping errors evaded. The goal of algorithmic damping is 
to decrease spurious non-physical oscillations that sometimes develop due to excitation 
of spatially unresolved modes, and one of its main challenges is to introduce high 
frequency dissipation without promoting improper numerical damping in important low-
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frequency modes. The adoption of adaptive αen values aims to eliminate this difficulty, 
optimizing the introduction of algorithmic damping by minimizing its negative aspects and 
maximizing its positive characteristics. 

The strategy here is to adopt αen > 1  wherever and whenever numerical 
damping may be necessary, and αen =1 otherwise. This strategy can be executed 
automatically based on an oscillatory criterion defined by a φe

n parameter, which is also 
calculated at each time step and for each element of the model. The calculation of this 
oscillatory parameter may be expressed as: φe

n = Σi=1
η ��Tin − Tin−2� − �Tin − Tin−1� −

�Tin−1 − Tin−2��, where η stands for the total number of nodes of the element. Therefore, 
when φe

n ≠ 0, at least one nodal temperature of the focused element is oscillating along 
time. Thus, the algorithm activates maximal numerical dissipation at the maximal 
sampling frequency of the element Ωemax (where Ωemax = ωe

maxΔt, and ωe
max stands for 

the highest square root of the generalized eigenvalues that are computed based on the 
local matrices 𝐌𝐌�e  and 𝐊𝐊�e), more effectively dissipating the influence of the highest 
modes of the problem. So, when φe

n ≠ 0, αen assumes the following value: 
 

αeact = �−4ζe + (4ζe2 − 1)Ωemax + ζeΩemax
2

+ 4(1 − ζeΩemax)1/2�[(1− ζeΩemax)Ωemax]−1 
(5) 

 
where the superscript “act” (abbreviation for active) highlights that this amount is applied 
only when numerical damping is to be introduced into the analysis. When φe

n = 0, αen =
1. In equation (5), ζe is given by: 
 

ζe = ½ �1 + �
wbcb
ρc

� �τQ − τT�� �τQ𝜔𝜔𝑒𝑒𝑚𝑚𝑚𝑚𝑚𝑚�
−1

+½τT𝜔𝜔𝑒𝑒𝑚𝑚𝑚𝑚𝑚𝑚 (6) 

 
and this value characterizes the so-called physical damping ratio of the element. 
 It is important to remark that the adaptive calculation of α is here applied just 
when τT = 0 is considered (i.e., in the CV model), for when the complete DPL model is 
regarded, intense physical damping of high-frequency modes already occurs and 
numerical damping is then not necessary (in this case, α = 1 is defined, establishing a 
non-dissipative numerical approach). 

As previously observed, for truly explicit formulations, the critical time-step of the 
analysis also becomes function of the physical damping of the model. In this case, the 
relation between the critical sampling frequency (Ωc) of the technique (which allows 
computing the critical time-step of the analysis by considering the expression: Δtc =
Ωc/ω, where ω stands for the maximal natural frequency of the model) and the dominant 
physical damping ratio ζ  is not usually easy to establish considering closed-form 
expressions. However, this can be numerically carried out, and the relation that arises 
for the time-marching technique described by equations (4a-d), considering α = 1, is 
depicted in Fig.1. As this figure illustrates, this truly explicit formulation provides extended 
stability limits for 0.0 < ζ < 0.5 , enabling larger critical time-step values than those 
provided by the CDM (whose critical sampling frequency is 2) to be obtained. For ζ >
0.225, a simple closed-form expression for Ωc , as function of ζ, can be established 
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regarding the discussed time-marching procedure and, in this case, the following relation 
takes place: Ωc = 1/ζ  (by considering this expression, one can observe that the 
discussed truly explicit approach allows a stability limit twice the value of that provided 
by the CDM, for ζ = 0.25, for instance). In this context, equation (6) allows computing 
the critical time-step for each element of the discretized model (Δte), taking into account 
the following simple relations: 
 

if  ζe ≤ 0.225, Δte = 2(𝜔𝜔𝑒𝑒𝑚𝑚𝑚𝑚𝑚𝑚)−1 
if  ζe > 0.225, Δte = (ζe𝜔𝜔𝑒𝑒𝑚𝑚𝑚𝑚𝑚𝑚)−1 

(7a) 
(7b) 

 
where equation (7a) stands for a simple conservative (as Fig.1 indicates) expression, 
assuming Ωc = 2 for ζ ≤ 0.225, which is the minimal Ωc value in that range. As one can 
observe regarding equations (7a-b), the critical time-step value of the discussed 
technique can be very easily estimated, which is rarely the case considering standard 
truly explicit approaches. This estimative is highly important to the automated subdomain 
divisions and adaptive computations of local time-step values that are carried out in this 
work, as it is discussed in the next subsection. 
 

 
 

Fig. 1 – Critical sampling frequencies for the discussed technique as function of ζ. 

 
 For α > 1 (which may take place for τT = 0, as previously discussed), equation 
(5) guarantees stability for the proposed solution technique, since, in this case, Ωemax 
equals the bifurcation sampling frequency (Ωb) of the method and Ωb ≤ Ωc. This aspect 
is illustrated in Fig.2, in which the spectral radii of the method are depicted, following 
equation (5) to define the α parameter and considering several values for Ωemax and ζe, 
so that an ample range of configurations is regarded (in addition, results for α = 1 are 
also depicted in the figure). As it is well-known, at the bifurcation sampling frequency, the 
spectral radius achieves a minimal value. Thus, by adopting Ωemax ≡ Ωb , maximal 
numerical damping is provided at the maximal sampling frequency of the element (as 
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illustrated in Fig.2), rendering a very effective dissipative procedure for the highest modes 
of the model. 
 

  
(a) 

 
(b) 

  
(c) (d) 

 

Fig. 2 – Spectral radii for α = αeact, considering Ωemax = 1.0, 1.1, …, 2.0 (darker to 
lighter gray color) and (a) ζe = 0.05; (b) ζe= 0.10; (c) ζe= 0.15; (d) ζe = 0.20. Results 

for α = 1 are also depicted as black dotted lines. 
 
2.1 Time-marching subdomains and subcycling 
 
Subcycling is a subdomain decomposition associated with computations considering 
several time-step values occurring simultaneously in the analysis. This approach grants 
a domain to be discretized considering different refinement levels without limiting its 
explicit time-marching solution to its shortest critical time-step value. Thus, the procedure 
allows greater time-step values for different subdomains, enabling lower computational 
costs and enhanced performances. However, sub-cycling must be properly considered, 
once excessive subdivisions may provide deterioration in both accuracy and efficiency.  
  

In this work, an automatic algorithm is applied to improve efficiency without 
compromising accuracy, as described by the following steps: (i) calculate the critical time-
step Δte of all elements (as described by equations (7a-b)), finding the smallest Δte of 
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the model (i.e., Δtb , where Δtb = min(Δte) ), which is the basic time-step for this 
controlled subdivision of the domain; (ii) with Δtb defined, calculate subsequent time-
step values as multiple of the power of 2 of this minimal time-step value (i.e., calculate 
Δti, where Δti = 2(i−1)Δtb); (iii) associate each element with a computed time-step value 
(i.e., with Δti, where  Δti ≤ Δte ≤ Δti+1 and “i” indicates the subdomain of that element); 
(iv) associate a time-step value (i.e., associate a subdomain) with each node of the model 
considering the lowest time-step value of its surrounding elements.  

Once the subdomains of the model are established, results at adjacent 
subdomains may need to be interpolated for the time-marching procedure. In this case, 
the following expressions are here adopted for these interpolations, which are consistent 
with the discussed time-integration formulation: 
 

𝐓𝐓(t) =
1
2Δt

��̇�𝐓n+1 − �̇�𝐓n�𝑡𝑡2 + �̇�𝐓n𝑡𝑡 + 𝐓𝐓n (8a) 

�̇�𝐓(t) =
1
Δt
��̇�𝐓n+1 − �̇�𝐓n�𝑡𝑡 + �̇�𝐓n (8b) 

 
where t is the current increment of time (0 ≤ t ≤ Δt) for the focused subdomain and ∆t 
is the time-step value of the nodal value being interpolated, which is related to the 
neighboring subdomain. A expression analogous to that indicated in equation (8b) is 
considered to interpolate 𝐕𝐕1, when this is necessary, following equation (4b). 

As a final remark for the discussed automatic evaluation of the time-steps of the 
model, it is important to observe that, for the Cattaneo–Vernotte model (i.e., τT = 0), 
αeact ≈ 1 if Δti ≈ Δte (where Δti indicates the time-step of the subdomain with which the 
element is associated). Thus, in this case, the dissipative capability of the element is 
greatly reduced, once its 𝛼𝛼𝑒𝑒𝑛𝑛  value is then always close to unity. When this occurs 
considering a large amount of elements, the numerical dissipative performance of the 
technique may be diminished. Therefore, a modified expression can be considered to 
define Δtb, so that relative larger values for αeact are provided. In this context, Δtb =
γmin(Δte) can be considered, where γ stands for a reduction factor, which guarantees 
αeact > 1. In this case, the following criterion is adopted, in this work, to define γ: if more 
than 25% of the computed αeact values are lower than 1.05, γ = 0.95; otherwise, γ = 1. 
In the next section, several fully adaptive numerical analyses are discussed, illustrating 
the effectiveness and robustness of the proposed methodology for the solution of 
hyperbolic bioheat conduction models.  
 
3. NUMERICAL APPLICATIONS 
 
In this section, two numerical applications are considered, briefly illustrating the 
performance and potentialities of the discussed technique. In the first, a biological tissue, 
subjected to initial temperature fields is analysed, considering the CV and the DPL 
models. Analytical solution is available for this numerical example in Soares (2018), 
allowing evaluate the errors of the computed responses. In the second example, more 
elaborated physical and geometrical compositions are regarded. In this case, breast 
tissues (Nazmdeh 2021, Figueiredo 2019, Paruch 2020) are analysed, and their 
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temperature fields considering healthy and diseased configurations are computed, taking 
into account once again both CV and DPL models. 

In order to demonstrate the effectiveness of the proposed methodology, the 
applications that follow are also analysed considering the explicit generalized α (EG-α) 
method (Hulbert 1996), with its input parameter selected as ρb = 0.3665 (as 
recommended by the authors, for lower dispersive errors). As previously remarked, 
stablishing the critical time-step value of standard truly explicit methods is usually not 
trivial when complex damping matrices are considered. Thereby, in applications with 
τT ≠ 0, the critical Δt value of the EG-α is computed as if a physically undamped model 
is regarded and its value is then gradually reduced until stable analysis are observed. 
 
3.1 Application 1 
 
In this first application, a square sampling of body tissue is analysed. The tissue is 
submitted to an initial constant temperature distribution along its central area, which is 
given by T�0 = 1°C, and null Dirichlet boundary conditions along its entire contour (in 
relation to Tb = 37°C). The physical properties of the model are (Loureiro 2012, Soares 
2018): ρ = 10−3 gmm−3 , c = cb = 4.2 J°C−1g−1 , wb = 5 ∙ 10−7 gmm−3s−1  and k = 5 ∙
10−4 W°C−1mm−1 . In this application, τQ = 20𝑠𝑠  is considered and four different τT 
values are applied, namely: (i) τT = 0𝑠𝑠 (CV model); (ii) τT = 0.0015𝑠𝑠; (iii) τT = 0.015𝑠𝑠; 
and (iv) τT = 0.15𝑠𝑠. The analytical solution for this application is described in Soares 
(2018).  

The symmetry of the model is considered and just one quarter of it is discretized. 
Fig.3(a) illustrates the adopted mesh for this example, which considers refinement along 
its boundaries and along the discontinuities of the initial temperature field, so that these 
discontinuities can be better represented (a zoomed view of this area is depicted in 
Fig.3(b)). The mesh is composed of 195944 linear triangular elements.  

 
 

  

 

 (a) (b)  
 

Fig. 3 – Discretization for the first example: (a) mesh; (b) zoomed view (central area). 
 
In Fig.4, the computed Δte values and the resulting time-marching subdomains 

of the model are indicated, considering the different adopted τT values. In this case, 
three time-marching subdomains are provided for τT = 0𝑠𝑠, two for τT = 0.0015𝑠𝑠, and 
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four for τT = 0.015𝑠𝑠 and τT = 0.15𝑠𝑠. In Fig.5, the dissipative active values for the α 
parameter, which may be applied for τT = 0𝑠𝑠, are depicted. 
 
 

 

  

 

 (a1) (b1)  
 

  

 

 (a2) (b2)  
 

  

 

 (a3) (b3)  
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 (a4) (b4)  
 

Fig.4 – Subdomains for the first example: (a) Δte; (b) ∆t per time-marching subdomain; 
(1) τT = 0𝑠𝑠; (2) τT = 0.0015𝑠𝑠; (3) τT = 0.015𝑠𝑠; and (4) τT = 0.15𝑠𝑠. 

 

  

 

 (a) (b)  
 

Fig. 5 – Computed αeact values (τT = 0𝑠𝑠): (a) without considering time-marching 
subdomains; (b) considering time-marching subdomains. 

 
In Fig.6, temperature time-history results at the middle of the sampling tissue are 

presented, considering the four adopted τT values and different solution procedures (in 
this case, the following nomenclature is adopted: “new/sub” and “new” refer to analyses 
that consider or not, respectively, multi-time-steps/subcycling splitting procedures). As 
one can observe in this figure, relative good responses are provided by all techniques, 
considering τT ≠ 0𝑠𝑠 ; however, for τT = 0𝑠𝑠 , the new approach provides much better 
results, properly eliminating the non-physical oscillations of the computed responses. 
This aspect is further illustrated in Fig.7, in which snap-shots of the computed 
temperature fields along the discretized model, at three different time instants, are 
depicted, for τT = 0𝑠𝑠. As this figure illustrates, the proposed fully-adaptive methodology 
provides much closer results to the reference response than the EG-α. This is the case 
because the discussed technique employs adaptive α parameters, enabling numerical 
damping to be more properly applied, following the properties of the discretized model 
and the features of the computed responses.  

To better analyse the performance of the proposed formulation in this second 
application, the computed relative errors and CPU times for each model configuration 
and solution technique are presented in Tab.1. As this table indicates, the proposed 
methodology provides better results than the EG-α taking into account all discussed 
configurations. In this case, for τT ≠ 0𝑠𝑠, the efficiency of the new solution procedure 
becomes more notable, since then it allows considering additionally larger time-steps 
than the EG-α. Thus, as shown in Tab.1, more than 5 times faster computations may be 
provided by the discussed fully-adaptive technique, further highlighting its enhanced 
performance. 
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Fig. 6 – Computed time history results for the first example:  

(a) τT = 0𝑠𝑠; (b) τT = 0.0015𝑠𝑠; (c) τT = 0.015𝑠𝑠 and (d) τT = 0.15𝑠𝑠. 
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Fig. 7 – Computed temperature fields (τT = 0𝑠𝑠): 
(a) EG-α; (b) new; (c) new/sub; (d) analytical; (1) t = 5s; (2) t = 10s; (3) t = 15s. 

 
Tab.1 – Performance of the analyses (application 1) 

τT (s) Method Δta (s) Errorb CPU Timeb (s) 
0 EG-α 3.546⋅ 10−3 (0.775) 1.967⋅ 10−1 (1.818) 3.726⋅ 101 (2.573) 

New 4.578⋅ 10−3 (1.000) 1.397⋅ 10−1 (1.291) 3.393⋅ 101 (2.343) 
New/sub 1.831⋅ 10−2 (4.000)c 1.082⋅ 10−1 (1.000) 1.448⋅ 101 (1.000) 

0.0015 EG-α 3.014⋅ 10−3 (0.658) 2.254⋅ 10−2 (1.408) 3.972⋅ 101 (3.664) 
New 6.820⋅ 10−3 (1.490) 1.846⋅ 10−2 (1.153) 2.117⋅ 101 (1.953) 

New/sub 1.364⋅ 10−2 (2.979)c 1.601⋅ 10−2 (1.000) 1.084⋅ 101 (1.000) 
0.015 EG-α 4.126⋅ 10−4 (0.090) 4.041⋅ 10−3 (1.030) 1.245⋅ 103 (5.069) 

New 6.918⋅ 10−4 (0.151) 3.921⋅ 10−3 (1.000) 1.099⋅ 103 (4.474) 
New/sub 5.535⋅ 10−3 (1.209)c 3.967⋅ 10−3 (1.012) 2.456⋅ 102 (1.000) 

0.15 EG-α 4.126⋅ 10−5 (0.009) 2.422⋅ 10−3 (1.029) 5.205⋅ 103 (5.022) 
New 6.918⋅ 10−5 (0.015) 2.352⋅ 10−3 (1.000) 4.595⋅ 103 (4.437) 

New/sub 5.535⋅ 10−4 (0.121)c 2.373⋅ 10−3 (1.008) 1.035⋅ 103 (1.000) 
aRelative values, in relation to critical time-step of the CDM, are provided in parenthesis; bRelative values, in relation to the 
minimal obtained result, are provided in parenthesis; cMaximal Δt in the multiple time-steps analysis 

 

    
(a1) (b1) (a2) (b2) 

 
Fig.8 – Discretizations and studied cases for the second example: (a) sketch of the 

model; (b) adopted mesh; (1) case 1 (without carcinoma); (2) case 2 (with carcinoma). 
 
3.2 Application 2 
 

In this second example, breast tissues (Pennes 1998, Figueiredo 2019, Paruch 
2020) are analysed, further demonstrating the robustness and efficiency of the proposed 
novel methodology. Two configurations are studied in this subsection, considering 
degrees of complexity compatible to usual real-world applications: (i) in the first 
configuration (case 1), a healthy breast, as indicated in Fig.8(a), is analysed, and this 
model is discretized considering 117531 linear triangular elements, as described in 
Fig.8(b); (ii) in the second configuration (case 2), a breast with carcinoma located behind 
the milk ducts, as indicated in Fig.8(c), is investigated, and this model is discretized 
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considering 479471 linear triangular elements, as described in Fig.8(d). These synthetic 
models are created out of the anatomy of the female breast from Breast Cancer 
Treatment and Pregnancy (PDQ®) (2002), and their properties are presented in Tab.2, 
following the material properties provided by Figueiredo (2019), Paruch (2020), Roetzel 
(1998), Feldmann (2018) and Karmani (2006). The breast is analysed considering 
metabolic heating as indicated in Tab.2 (Paruch 2020), an ambient temperature of 25°C 
(for simplicity, Dirichlet boundary conditions are here considered for the outer boundary; 
however, Robin boundary conditions would be physically more accurate in this case), 
and both the CV (τQ = 16𝑠𝑠, Nazmdeh (2021)) and the DPL (τQ = 16𝑠𝑠 and τT = 1𝑠𝑠, Liu 
(2009)) models. 

 
Tab.2 – Properties of the model (application 2) 

Material Conductivity 
(𝑊𝑊/(𝑚𝑚°C)) 

Blood 
perfusion (1/

𝑠𝑠) 

Specific mass 
(𝑘𝑘𝑘𝑘/𝑚𝑚3) 

Specific heat 
(𝐽𝐽/(𝑘𝑘𝑘𝑘°C)) 

Heat source 
(𝑊𝑊/𝑚𝑚3) 

Skin 0.47 0.00022 1085 3680 368.1 
Fat 0.21 0.00020 911 2348 368.3 

Milk duct/gland 0.52 0.00050 1041 2960 700.0 
Tumor 0.48 0.00530 1050 3770 70000.0 
Muscle 0.49 0.00080 1090 3421 684.2 
Bone 0.68 - 1800 1260 - 

 
In Fig.9, the computed Δte values and the resulting time-marching subdomains 

of the problem are indicated, considering the CV model and the two studied cases. As 
one may observe, although the subdomain division is greatly influenced by the material 
distribution of the models (as expected), it is also defined taking into account the features 
of the adopted spatial discretization, describing a more elaborate (yet appropriate) 
splitting procedure. In Fig.10, the computed temperature fields are presented, 
considering the fully-adaptive methodology and the EG-α, indicating that these 
procedures provide very similar responses. As Fig.10 also illustrates, the tumour 
increases the temperature of the body, and values greater than 39°C are then observed, 
within the tumour. Analogous results to those described in Figs.9 and 10 are presented 
in Figs.11 and 12, respectively, considering the DPL model. 
 

    
(a1) (b1) (a2) (b2) 
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Fig.9 – Subdomains for the second example (τT = 0𝑠𝑠): (a) Δte; (b) ∆t per time-marching 
subdomain; (1) case 1; (2) case 2. 

 

    
(a1) (b1) (a2) (b2) 

 

Fig.10 – Computed temperature fields at t = 10min (τT = 0𝑠𝑠):  
(a) EG-α; (b) new/sub; (1) case 1; (2) case 2. 

 

    
(a1) (b1) (a2) (b2) 

 
Fig.11 – Subdomains for the second example (τT = 1𝑠𝑠): (a) Δte; (b) ∆t per time-

marching subdomain; (1) case 1; (2) case 2. 
 

    
(a1) (b1) (a2) (b2) 
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Fig.12 – Computed temperature fields at t = 10min (τT = 1𝑠𝑠):  

(a) EG-α; (b) new/sub; (1) case 1; (2) case 2. 
 

In Tab.3, the CPU times for each model configuration, studied case and solution 
procedure are presented. As one can observe, once again the new approach provides 
much more efficient analyses than standard formulations, describing a very effective 
solution procedure. As Tab.3 shows, in this second example, the fully-adaptive 
methodology may allow considering time-step values more than 50 times greater than 
the EG-α and, consequently, more than 14 times faster computations may be provided 
by the proposed technique (regarding the same model/case of analysis), indicating an 
enormous gain in performance.  

 
Tab.3 – Performance of the analyses (application 2) 

Model Case Method Δta (s) CPU Timeb (s) 
CV 1 

 
EG-α 1.043⋅ 100 (0.901) 5.023⋅ 101 (2.492) 
New 1.157⋅ 100 (1.000) 4.321⋅ 101 (2.144) 

New/sub 4.630 ⋅ 100 (4.000)c 2.015⋅ 101 (1.000) 
 2 

 
EG-α 5.121⋅ 10−1 (0.901) 1.743⋅ 102 (2.094) 
New 5.682⋅ 10−1 (1.000) 1.671⋅ 102 (2.008) 

New/sub 2.273⋅ 100 (4.000)c 8.321 ⋅ 101 (1.000) 
DPL 1 

 
EG-α 2.086⋅ 10−1 (0.317) 1.241⋅ 102 (14.86) 
New 6.562⋅ 10−1 (1.000) 7.114⋅ 101 (8.518) 

New/sub 1.050⋅ 101 (16.00)c 8.351⋅ 100 (1.000) 
 2 

 
EG-α 5.121⋅ 10−2 (0.318) 6.134⋅ 102 (14.13) 
New 1.606⋅ 10−1 (1.000) 3.311⋅ 102 (7.628) 

New/sub 2.570⋅ 100 (16.00)c 4.341⋅ 101 (1.000) 
aRelative values, in relation to critical time-step of the CDM, are provided in parenthesis; bRelative values, in relation to 
the minimal obtained result, are provided in parenthesis; cMaximal Δt in the multiple time-steps analysis 

 
In fact, for complex applied models, in which several different materials and 

refined discretizations are considered, the proposed formulation tends to become 
additionally more effective, once it may then better adapt to the features of the model, 
improving both its accuracy and efficiency. 

 
4. CONCLUSIONS 

This paper describes an effective truly explicit time-marching methodology 
considering multi-time-steps/subcycling splitting procedures to analyse hyperbolic 
bioheat conduction models. The discussed formulation considers adaptive time 
integration parameters that permit the time-marching technique to adapt to the properties 
of the spatially discretized model and to its computed responses, allowing enhanced 
analyses to be carried out. In addition, the referred methodology employs automated 
splitting procedures that establish different time-step subdomains for the analysis, further 
allowing the solution technique to better adapt to the features of the model, improving its 
accuracy, as well as its efficiency. In the adopted subdivision strategy, the smallest 
elemental critical time-step value of the model is applied to define a basic time-step size 
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for the definition of the subdomains, which are then analysed considering time-steps that 
are multiple of this basic time-step value. By following this approach, the time-step of a 
subdomain group always becomes smaller than or equal to the critical time-step of each 
element in that subdomain, and bigger than or equal to the defined basic time-step value, 
which is equivalent to the critical time-step of the model if no subdivision is considered. 
Hence, stability is ensured and the fully-adaptive explicit methodology becomes very 
effective, allowing larger time-step values to be locally applied, reducing the 
computational effort of the solution procedure. As discussed in this manuscript, this 
approach is feasible because the considered time-marching technique allows computing 
elemental critical time-step values very easily (see equations (7a-b)), which is not always 
the case taking into account truly explicit formulations. Moreover, as it has been 
highlighted, the referred time-marching technique usually provides larger stability limits 
than standard explicit approaches, further enhancing the effectiveness of the proposed 
methodology.   

The proposed fully-adaptive methodology is highly effective to solve hyperbolic 
bioheat models and its main features may be summarized as follow: (i) the method 
stands as a truly explicit approach, requiring no treatment of any system of equations; (ii) 
it is truly self-starting; (iii) it stands as a simple technique based only on single-step 
relations regarding the temperature field and its first time derivative; (iv) the technique 
enables advanced controllable algorithmic dissipation taking into account locally defined 
adaptive parameters; (v) it regularly provides larger stability limits than standard 
techniques (and these stability limits can be easily established); (vi) the formulation 
allows subdomain splitting procedures to be straightforwardly considered; (vii) larger 
time-step values may be locally applied, maintaining stability, increasing efficiency, and 
improving accuracy; (viii) the technique is entirely automated, requiring no effort and/or 
expertise from the user; (ix) it permits complex large-scale models to be properly handled. 
In fact, as it has been discussed, the proposed methodology stands as an effective 
technique to analyse both CV and DPL models, properly mitigating spurious oscillations 
that may arise considering CV models, and providing a feasible truly explicit formulation 
that considers suitable time-step values for DPL analyses.  
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